The class of dually residuated lattice ordered monoids (DR -monoids) contains, in an appropriate signature, all -groups, Brouwerian algebras, M V -and GM V -algebras, BL-and pseudo BL-algebras, etc. In the paper we study direct products and decompositions of DRmonoids in general and we characterize ideals of DR -monoids which are direct factors. The results are then applicable to all above mentioned special classes of DR -monoids.
Introduction
Commutative dually residuated lattice-ordered monoids (in short: DRmonoids) were introduced and studied by K.L.N. Swamy in [20] , [21] , [22] as a common generalization of commutative lattice-ordered groups ( -groups) and Brouwerian algebras. The papers [23] , [24] , [9] - [15] , [4] and the part of the thesis [5] engaged the further research of structure properties of commutative DR -monoids. It was shown that M V -algebras (see [13] ) and BLalgebras (see [14] ) which are an algebraic counterpart of the Lukasiewicz infinite valued logic and Hájek basic fuzzy logic, respectively, can be understood as special cases of commutative DR -monoids. General DR -monoids (i.e., not necessarily commutative), the special case of which are also all -groups, were introduced by Kovář in [5] . GM V -algebras were defined as a non-commutative generalization of M V -algebras in [16] and it was shown there that they are special cases of DR -monoids. This fact was then used when studying GM V -algebras in [17] and [18] . Similarly, it was proved in [6] that pseudo BL-algebras (defined in [2] as a non-commutative generalization of BL-algebras) are also a special case of DR -monoids. DR -monoids were further studied in [8] , [7] and [19] .
In the paper we shall study direct products and direct decompositions of DR -monoids. The general results are then applicable for all mentioned special cases of DR -monoids.
Basic notions and notation
Definition. An algebra M= (M;+, 0, ∨, ∧, , ) of signature 2, 0, 2, 2, 2, 2 is called a dually residuated (non-commutative) 
is a (non-commutative) monoid, (M, ∨, ∧) is a lattice, and for any x, y, u, v ∈ M, the following identities are satisfied:
(M2) if ≤ denotes the order on M induced by the lattice (M ; ∨, ∧), then, for any x, y ∈ M, we have x y is the least element s ∈ M such that s + y ≥ x, x y is the least element t ∈ M such that y + t ≥ x;
Commutative DR -monoids (called DR -semigroups) were introduced by K.L.N. Swamy in [20] as a common generalization of commutative -groups and Brouwerian algebras. The present definition of a non-commutative extension of DR -monoids is due to [5] . Also, for basic properties of noncommutative DR -monoids see [5] . Let us denote by M + = {x ∈ M : 0 ≤ x} the set of all positive elements in M . (1) x, y ∈ I =⇒ x + y ∈ I;
b) An ideal I is said to be normal if for each x, y ∈ M the equivalence:
Remark. By [8] , normal ideals are just kernels of DR -homomorphisms.
It is proved in [8] that the set C(M ) of all ideals of an arbitrary DRmonoid M , ordered by set inclusion, is an algebraic Brouwerian lattice in which infima coincide with set intersections. Further, by Lemma 21 of [8] , if I and J are normal ideals of a DR -monoid M, then their join I ∨ J in C(M ) is the following set:
Definitions. a) Let M be a DR -monoid and X ⊆ M . Then the set
By [7] , every polar in M belongs to C(M ) and it is a polar of some ideal of M . The polar of any ideal I ∈ C(M ) is its pseudocomplement in the lattice C(M ) and therefore the set P(M ) of all polars in M is a complete Boolean algebra with respect to set inclusion.
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Direct products and decompositions
In this section we will study properties of direct products of DR -monoids, in particular with respect to possibilities of introduction of inner direct products. Let B and C be DR -monoids and let M = B × C be their direct product. Denote B, C ⊆ M such that
The following proposition seems to be well-known as a folklore: P roof. For any elements x 1 ∈ B and y 2 ∈ C it is satisfied
Therefore, B ⊆ C ⊥ and C ⊆ B ⊥ .
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Now we will deal with possibility of introduction of an inner direct decomposition of DR -monoids.
At first, we will prove the following lemma. 
Since, by Lemma 1.1.19 of [5] , it holds (p + q) r ≤ p + (q r) for any p, q, r ∈ M , in our case we obtain (a 1 +a 2 ) 
, hence in our case we have 
Theorem 6 . Let M be a DR -monoid and I, J ∈ C(M ).
Let the following conditions be satisfied:
∀x, x ∈ I, y, y ∈ J; x + y = x + y =⇒ x = x , y = y .
If M = I × J is the direct product of the DR -monoids I and J, then M and M are isomorphic.
P roof. The conditions 1 and 2 obviously yield that for every element a ∈ M there exist unique elements a 1 ∈ I and a 2 ∈ J such that a = a 1 + a 2 . Hence the mapping f : a −→ (a 1 , a 2 ) is a bijection of M onto M . Let us suppose x ∈ I and y ∈ J. Then |x| ∈ I, |y| ∈ J and |x| ∧ |y| ∈ I ∩ J = {0}. It follows that x and y are orthogonal. Therefore, x + y = y + x by Proposition 5. For this reason it holds for any elements
, where x 1 ∈ I, x 2 ∈ J. By Lemma 4, it holds x 1 ∈ I + and x 2 ∈ J + . From this we have (
Hence Remark. If G is an -group, then DR -monoids G and G + satisfy condition (UD). Hence their direct factors form a Boolean lattice.
